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Examples of inliers

The distribution of errors in an audit report.

Life time experiments on electronic items,
where items falls instantaneously and early.

Study of tumor characteristics: two variates
may be recorded. The first is the absence(0) or
presence(1) of a tumor and the second is
tumor size measured on a continuous scale. In
this problem, it is sometimes of interest to
consider a marginal tumor measurement that
IS O with nonzero probability and the other a
continuous distribution.




Examples ...

4. Time until remission is of interest in studies of drug
effectiveness for treatment of certain diseases. Some
patients respond and some do not. The distribution is a
mixture of a mass point at 0 and a nontrivial
continuous distribution of positive remission times.

5. In different contexts, important problems exist in time-
series analysis in which there are mixed spectra
containing both discrete and continuous components.

6. The first response time of patients during a medical
operation.

7. Number of bugs in a software program



8. Rainfall data:

June:0.0,0.0,0.0,1.8,0.0,0.0,0.0,0.0,0.0,3.2,33.0,0.0,0.0,0.0,0.0,0.0,
0.0,0.0,2.4,24.2,33.5,15.7,0.0,0.0,0.0,13.8,0.0,0.0,1.0,0.0

July: 0.0,44.5,0.7,7.0,14.4,2.4,7.3,4.7,30.0,33.3,12.5,3.0,0.0,2.3,11.2,
0.0,6.0,40.2,4.9,0.0,9.8,1.3,9.6,2.4,0.6,0.0,0.5,7.2,1.2,0.0,6.0

August: 67.8,3.2,1.2,10.4,4.3,1.4,8.3,8.1,0.0,0.6,2.1,3.5,0.0,0.8,4.9,2.8,
0.0,0.0,17.8,1.3,0.0,0.0,0.0,0.0,2.2,3.8,0.0,3.4,0.0,0.0,0.0

September:1.8,10.8,6.0,8.8,2.6,20.1,2.0,7.6,16.4,2.8,0.0,0.0,15.7,0.0,
0.0,20.6,10.6,0.0,0.4,0.0,0.0,1.6,1.8,0.0,6.0,0.0,2.5,0.0,0.0,0.0

For more related examples, see Statistical models and analysis in Auditing: Panel
on nonstandard mixtures of distributions, Statistical science, vol.4(1), 2-33,
1989.



Introduction

An inlier in a set of data to be an observation or
subset of observations not necessatrily all
zeroes, which appears to be inconsistent with
the remaining data set.

For example: Consider the following set of observations:
05 00 Q2 08145675 1l Il 4. 65 71239 =

Here the first 3 observations are called
iInstantaneous failures, next two observations
may be called early failures. Together the first 5
observations may be called inliers.



Application areas

- Lifetime experiments

- Reliability Engineering
- Market research

- Clinical trials

- Biological problems



About Outliers

Originated with the method of least
squares.

Usually after detection they are thrown
out.

Generally appear on the extreme right.
Associated with mixture distributions.
Detection can be done using Box-plot

Problem of Masking effect/swamping
effect can influence the conclusions.



Inlier(s) models



Inlier prone models

Instantaneous failure models

Early failure models

Nearly instantaneous failure models

M, (identified) inliers models

L, (labeled slippage) inliers models
Inliers as instantaneous and early failures



Instantaneous failure model
S ={f(x,0),x=0,0e Q}: family of pdf's.

[ 1-p,x=0
G(x,0,p) =+
1-p+pF(x,0),x>0

With respect to a measure # which is the sum of Lebeasgue measure
on (0,09 and a singular unit measure at the origin



Some references (Instantaneous failure model)

Aitchison (1955)

Dahiya and Kleyle (1975)

Jayade and Prasad (1990)
Vannman (1991,1995)
Muralidharan(1999, 2000)
Muralidharan and Kale (2002)

Kale (1998)

Kale and Muralidharan (2006,2008)



Early failure model

S ={f(x,6),x=>0,0c Q}: family of pdf's.
i 0,x<0
G(x,0,p)=<1—p+pF(0,0),x=0
1-p+pF(x,0),x>0

where O is known and sufficiently small.

References:

(i). Kale and Muralidharan (2000)
(i1). Muralidharan and Lathika (2004, 2005)



Nearly instantaneous failure models
(C. D. Lai, B. C. Khoo, K. Muralidharan and M. Xie, 2007)

* Here the model is written as a complete mixture
of two distributions as

f=ars(x—x)+1-a)f,(x. O D<a<I
« Where

-

1

e AR S < x=x,+0
0, otherwise

for sufficiently small 0 and called the Dirac delta

function and f,(x,8) is any other pdf.




The importance of this model are:

* F(x) and hence survival function,
R(x)=1-F(x) has closed form expression

* h(x), the hazard function also have closed
form expression



Graph of f(x)
(6=1, B=2, 5=0.2, a=0.8)
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Some assumptions

« Suppose X,,X,.., X, of n observations
are such that r of them are independently
and identically distributed (i.i.d) from Ge &
and (n-r) of them are i.i.d from FeJ .

dG

S e IS decreasing in X.

« @Gis the inlier distribution and F is the target
distribution



Likelihood: Identified inliers model

* Here r and the indexing set v are known.
Therefore,
X, X,,...X, areiid with Ge ¢ and
X .,X .,...xarelid. with Fe3.

Hence the likelihood is

el g frn =] Te [T

i=r+l



Likelihood: Labeled slippage inliers model

e Let X, <X, <..<X, bethe order statistics
from G and X, <X, <--<X,, be the order
statistics from F.

Consider X, <..<X, <X

(r +1)

sy T hen

(n)

qo’"(G’F) X P[X(r) i X(r+1) lGaF)

= [(n=PIG)] 1= F ()" dF (u)



Theorem

« Let X <X(2) <.. <X(n —11) be the order
statrstrcs and R ,R,....R,_, bethe

corresponding rank order statistics, then
Max @1, 1y ses 1) = @(1,2,..., k) and(x(l), AT (k))

1 2 .....

have the maximum probability of being
inliers.

(See Kale and Muralidharan, 2006 for proof)



It g ~exp(¢) and f ~exp(6), p<<B, then

@FCO el )= I(n — ’”)%[1 LG THIRNT g ema I g

H (n—r)¢B(r+1,(n—r)¢),
o 0

where
1
B(a,b) = jxa_l(l L s

0



Then the joint likelihood in this set up is

LX) X2y e Xy 19, ) = (G ER S Hg( )Hf(x

i=r+1

If gand f are exponential as above, then

r'(n—r)! 1 ‘Zrlx(”/‘” 1 XN
e = e =l
r(¢’ 0) er en—r

LX) s Xy 1000 Xy | 9,6) =

The likelihood equations are

r

nL_ 3, 9)_L+;x,
oA R i B

dinL _ 9 e H)_n—r+i;1X’
00 00 ik - 2, 6’




An example (simulation):

« n=15, It g ~exp(0.04) and f ~exp(5), p<<86,
The observations are

0.01339, 0.02679, 0.03442, 0.05519,
0.09459, 0.32254, 0.64367, 1.19427/,
3.00276, 3.14612, 3.15643, 3.94635,
5.176359, 9.79405 and 12.52736



The detection of inliers is done as follows:

* evaluate for eacp fixed r, the maximumA
likelihood say . , and then consider ,

being that value of r for which the likelihood is
maximum.

for the above data set the likelihood plot and
the psi function ( ¢ (¢,6) ) are given in
Figures 1 and 2 respectively.



Fig.1.
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Fig.2.

Psi function graph
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The estimates are :

s = 18.64805 with mean life as 0.05364
9 =0.215466 with mean life as 4.6411

. =5, where the likelihood is maximum

o (5.0 1.46E-13



Inliers as instantaneous and early
failures

Assume that the data is usually consisting of
r, Instantaneous failures, r, early failures
and the rest belongs to target population.
Then

(1) under identified inliers model the likelihood is

L{ } D {Hg(x ¢)Hf(x 9)}

where p is the proportion of positive observatio ns.



(). Under Labeled slippage inliers model, the
likelihood is

-4 n [ I]!(n—ro_rl)! i g
L—|: }(l p)°’p { 2 G.F) Hg(xi,@ll—rl[f(xi,g)}

o

The above likelihood of the sample assumes that
between the experiments when units are placed on test,
we do not know which of the units fail instantaneously
Le. X, =0.X; =0...X;, =0, and which fail early, i.e. those
units whose failure time distribution is g(x), with failure
rate much larger than that of the failure time distribution
of the target distribution whose failure rate is
considerably smaller.



Suppose g(x) and f(x) are exponential in their
canonical form, then

P, (8,0)= [(n—r,—r)0ll—e*]"e " " dx

& (n—r, —1’1)6?B(r1 _I_L(n—ro —1,)0
¢ ¢

rl!F((n_rO —1,)0

_(m—r,—n)d %

& 0, F( (n—ry—r)0
¢

),

)

+ 741 )

Therefore ,

ng (¢9,0)=C+Inf-Ing+Inl'(z)—InT'(z+r, +1),



Where z= <”"’0¢‘r1)5 . Therefore,

ilnqor1 (0,0) :—l+ilnl“(z) ik 9 InI'(z+r +1)j—;

Y, ¢ 0J¢ dg d¢

1 (s rg )0
LRl 0 e L e s L i
b rw(o- Pt { : }

where Y(z)= aa—¢ln I'(z). And

d JiEs 0 dz "0 dz
—1 ,0)=—+—InT — InI’ 1) —
ne, (9,6) 0+88n (Z)dﬁ 8¢9n (Z+”1+)d9

99

:%+[\P(z)—‘l’(z+r1 +1)]{(”_'”;_’”1)}



« Using Abramovitz and Stegun (1965), we get

|
() Hz+r+)=—) —.
e

* Hence the likelihood equations are

+1 N 1
B e R e D I

d¢ ¢ ¢2 PG e
and
ilnL— (enan=l L s )Z ZX(Z) i

88 0 ¢ Jj=1 Z+] i=r+l1



Another example

This example is based on Vanmann’s (1995) data on drying of woods
under different schedules. The data on Experiment 2 on two batches
of 37 boards by using two different schedules are:

Schedule 1. X% =0, i=1,2,...,13 and the other positive observations
arranged in increasing order of their magnitude are 0.08, 0.32, 0.38,
0.46,0.71,0.82, 1.15, 1.23, 1.40, 3.00, 3.23, 4.03, 4.20, 5.04, 5.36,
6.12, 6.79, 7.90, 8.27, 8.62, 9.50, 10.15, 10.58 and 17.49.

Schedule 2. X =0, i=1,2,...,17 and the other positive observations
arranged in increasing order of their magnitude are 0.02, 0.02, 0.02,
0.04, 0.09, 0.23, 0.26, 0.37, 0.93, 0.94, 1.02, 2.23, 2.79, 3.93, 4.47,
5.12,5.19, 5.39, 6.83 and 8.22.



Goodness of Fit Test (positive observations)

Distribution AD P LRT P
Normal 0.572 0.109
Lognormal 0.592 0.096
3-Parameter Lognormal  0.544 5 0.728
Exponential 0.452 0.523
2-Parameter Exponential 0.424 >0.250 0.286
Weibull 0.504 0.195
3-Parameter Weibull 0.676 0.084 0.127

Smallest Extreme Value  0.708 0.054
Largest Extreme Value 0.548 0.153
Gamma 0.469 >0.250
3-Parameter Gamma 0.629 C 0.057



Distribution overview plot of positive observations
(Exponential)

Distribution Overview Plot for Scl
LSXY Estimates-Complete Data
Probability Density Function Exponentisl r-:a:l: of Eﬁi‘%
0.2 30 StDev 454670
Medizn  3.42879
0 IQR  G5.43451
- E Failre 24
S 01 s Censaor o
5 10 BD 0.958
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The likelihood plot under identified inliers model for
Schedule-1 (all observations)

Fig. 3.

Experiment-2 Schedule-1
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The likelihood plot under identified inliers model for
Schedule-2

Fig.4.
Experiment-2 Schedule-2
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The likelihood plot under Labeled slippage inliers
model for Schedule-1

Fig. 5.
likelihood plot for schedule -1
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The likelihood plot under Labeled slippage inliers
model for Schedule-2

Fig.6.

likelihood plot for schedule -2
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The estimates under labeled slippage inliers model
are:

For Schedule-1 for Schedule-2
¢ 1, =13 Fi A
® I”Al e e 9 ’/'1 — 7
e 9 =0.97287 s =0.12046

. 9 =6.37918 9 =73.67901



Inliers detection using Schwarz information
criterion (SIC)

(Muralidharan and Kale, 2008, JRSS)
Denoting the expectation of X . by 4.,
I=1,2,...,n, we consider the following
model of no inliers in the model as

Model(0) : 4, =0, i=1,2,...,n
And the model with r inliers as

Pl1<i<r
0.r+1<i<n’

Model (r) : A. = {

l



The SIC scheme :Schwarz (1978)

« SIC = —210gL((:D) +p log(n),
* where

L(®) : the maximum of likelihood function
and p is the number of free parameters
that need to be estimated under the model.



Procedure:

model(0) is selected with no inliers if

Sic(0)< min SIUr)

1<r<n—1

the model(r) is selected if

SIC(0) > 121,2,}_11 SIC(r)



Power of SIC procedure.

0/6 |4 6 8 10 |12 |14
I

3 0.509(0.785|0.896|0.946|0.982|1.00

4  |0.514|0.822(0.934|0.968|0.996 | 1.00

5 0.555|0.874|0.957(0.999(1.00 |1.00

6 0.586|0.887/0.988|1.00 [1.00 |1.00




Vanmann’s (1995) data

Schedule 1.x = 0, i=1,2,...,13 and the other

positive observations arranged in increasing
order of their magnitude are

0.08, 0.32, 0.38, 0.46, 0.71, 0.82, 1.15,
1.23, 1.40, 3.00, 3.23, 4.03, 4.20, 5.04,
5.36, 6.12, 6.7/9, 7.90, 8.27, 8.62, 9.50,
10.15, 10.58 and 17.49.

The computed value of SIC(0)= 127.1460 and



the corresponding SIC(r)'s are

« 124.0335, 121.2333, 118.0726, 115.1593, 113.3191,
111.5499, 110.6135, 109.4866, 108.4856, 110.4540,
111.7338, 113.3368, 114.4581, 115.8601, 11/7.0348,
118.3385, 119.6651, 121.2188, 122.5813, 123.7872,
125.0636, 126.29/76, 127.3799.

» Clearly, SIC(0)=127.1460 > SIC(9)= min SIC(r) =
108.4856. e

Hence =,



esting of Hypothesis



Tests for detecting inliers

1. Likelihood Ratio Test:

H,:X,,X,,..X, are order statistics from F
X . are order statistics from G and

X i X o)X, @re order statistics from F

()2~ (r+2)2°°

Test Statistics:

e e
¢(x)=<1’ i=1 fo(xi) >Ca

0, otherwise

where o is such that El¢ X)) H,]=«




Theorem. Under the labeled slippage

. X :
alternative, X(“ ) .as, i=k+1, k+2, ... ,n.
)

Proof: the joint density of X, and X, is

(n_k)k/ﬁi e_/bc(l) le_/bf(l) o e_/bc(km ]k_l e—(”—k)x<k+1)
@(1.2,...k)

Hence for all a€(0,1), we get

f (x(1) s X(k+1)) =

X
A <alH, ]

(k+1)

(—Df[k _1j
(n—k)kA & 5

X

o(1,2,...,k) j=0 (A =1L J)+(n—k)]{cll[/l(k ~1- ]-)+(fl—k)]+ﬂ(].+1)}



X(l)

X (k+1)

Thus we get —0 as 41—, The proof is

X X

- m s T
Completed by noting that © = = > A gy S A
p y g X(i) X(k+1)

, I=k+2,...,n, which proves the theorem.



2. Dixon’s Test:
Test Statistic:

-

1 £ o) > d
) s i s

|0, otherwise

where o R
(n—-Da

The power of the test is

kA+n—k
P (4) A+ (k=1)d]+(n—k)d’

ol
6



The values of P(A)and P (A) foro=0.05

n R T R o e o R R e R MR
10 1 050 | .069 | .091 | 112 | 132 | 171
M T o W by PR =Y e i el a7
s 0P e e TR L DER - N OB AR . 050
20 1 050 | 059 | 071 | 082 | 093 | 414
2 | 050 | .057 | .064 | .068 | 071 | =
4 | .050 | .055 | .057 | .058 | .059 | oaq
O K eang T Geg it GEER W GRRT BE ot fep
30 1 049 | 056 | 064 | 072 | 079 | .074
D 040 |t 055y | 08D L0645 AB 7. 8l 5072
Acrieigdg il oras sy ras g 0681 1080
Gt 08 g5 o D5 A 056 - 1. 056 056




2. Cochran’s Test:
Test Statistic:

1, ZX(i) > d
X

(1)
| 0, otherwise

P(x) =+

where

i 1_ (1 T a)l/(n—l) &

The power of the test for one inlier is

. (d=n+1)" _¢
A4 =1 ( d+A j 4




The values of P (A)and P _(A) for 0=0.05

n K A=TE I ASST A=10 A= k=205 " A =30
10 1 .050 |.069 | .093 116 138 | .179
2 .050 |.052| .0/79 | .093 | .105 | .148
4 .050 | .046 | .067 | .0/8 | .088 | .089
20 1 050 |.059| .072 | .083 | .095 118
2 D005 05 7% 060t 0785 [ “ 30295 - - =095
4 .050 | .055| .057 | .068 | .068 | .070
6 050 |-092 | .054 | .054 | .057 | .066
30 .049 |.056 | .065 | .0/73 | .080 098

049 | .055| .060 | .065 | .077 | .082
049 | .054 | .058 | .060 | .069 | .0/74
049 | .053 | .056 | .058 | .060 | .065

oo AN =




Masking effect

Let X,,X,.....X  Dben observations

H, :all X’s are from F
H, :the (inlier) discordant observations are
from G.

Let T(X) be a test statistic to detect a single
discordant observation, with critical region, say
C

n,o



Due to lack of information about the number of
discordant observations present in the sample, however,
the true situation may not be specified by H, completely
and more than one discordant observation may be
present in the sample.

In such cases, a test statistic T(X) suggested for
detection of a single discordant observation, may fail to
detect a single inlier as discordant even when it is
discordant, or the probability of detection of a discordant
observation may decrease when additional observations
are present in the sample.

Such a phenomenon is called the masking effect.

The masking effect has been widely discussed by
various authors and some of the recent references are
Barnett and Lewis (1978), Hawkins (1980) , David (1981)
and Bendre and Kale (1985) among others.



Thus the masking effect

M, =P (A)-P,(A)

where
P(A)=PT(X)eC,,|H))

and
P,(1)=P(T(X)e C,, Imore than one
observation follow df G)



The limiting masking effect

M=/1—>/10M/1

A test is said to suffer from masking effect
If the measure M is positive.

and is said to be free from masking effect it M
IS zero.

For a consistent test,ﬂhjﬂo M , =1 and for such
atest M>0.



CONCLUSION

Instantaneous and early failures are together
treated as inliers.

Different models are considered.

Among the models Labeled slippage and
identified inliers model performs equally well.

Inliers form a group of observations

After detection inliers cannot be discarded from
the experiment as done in outliers theory.



Present work

Inlier(s) and outlier(s) detection simultaneously
Different g(x) and f(x) in the model

Sequential estimation and Bayesian estimation
completed

Other estimation procedures



Discussions and Suggestions
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